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A residual-based a posteriori error estimator for finite element discretizations of the steady incompressible
Navier–Stokes equations in the primitive variable formulation is discussed. Though the estimator is similar
to existing ones, an alternate derivation is presented, involving an abstract estimate that may prove of some
intrinsic value. The estimator is particularized to Hood–Taylor and modified Hood–Taylor finite elements
and proved to be a global upper bound (up to a positive multiplicative constant) of the true error. Numerical
examples are provided to illustrate the performance of the resulting mesh adaptation process. c© 1997 John
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I. INTRODUCTION

In computational mechanics one usually faces the problem of increasing the accuracy of a solution
without adding unnecessary degrees of freedom. It is, therefore, necessary to update the mesh to
ensure that it becomes fine enough in the critical regions while remaining reasonably coarse in the
rest of the domain. Local a posteriori error estimators are the adequate tool for identifying these
critical regions automatically, using an input information only the given data and the numerical
solution itself.

A large amount of work has already been done in the construction of such error estimators for
several problems of Computational Fluid Dynamics (see [1–8]). For the incompressible Navier–
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Stokes equations, however, rigorous results have only recently become available [9–11]. It is,
thus, of interest to present alternate mechanisms of proof for error estimation in this problem,
which could help in the extension of available results to other nonlinear problems.

In this article, we present an error estimator for the (modified or not) Hood–Taylor's dis-
cretization of the steady incompressible Navier–Stokes equations, and prove it to be a global
upper-bound (up to a positive multiplicative constant) of the error (see Sect. IV). The estimator
is very similar to that of [9], but the proof is based on a stability inequality (see Sect. III), which
is of general nature and may prove of some intrinsic value. In addition, some numerical tests (see
Sect. V) of the resulting mesh adaptation process are included to show that it is efficient, even in
singular problems.

II. PRELIMINARIES

We consider the steady Navier–Stokes equations for the velocity-pressure pair (u, p)


−µ∆u + (u∇)u + ∇p = f in Ω
div u = 0 in Ω
u = 0 on ∂Ω

(1)

in a bounded, connected, polygonal domain Ω in R2. We use standard notation for Sobolev
spaces, norms and seminorms, and the scalar product ofH0(S) = L2(S) is written as (ϕ,ψ)S =∫
S
ϕψds. We omit the index S if S = Ω and set

H1
0(Ω) = H1

0 (Ω) ×H1
0 (Ω)

V = H1
0(Ω) × L2

0(Ω),

where L2
0(Ω) = {p ∈ L2(Ω) : (p, 1) = 0}. We use the same notation for the corresponding

norms and scalar products on H1(Ω) and L2(Ω), respectively.
Note that | · |1 is a norm on H1

0 (Ω), which is equivalent to ‖ · ‖1, and then let us define the
following norm on V :

|(u, p)|V = {|u|21 + µ−2‖p‖2
0}1/2.

We introduce the function L0 on V × V as

L0((u, p), (v, q)) = µ(∇u,∇v) + ((u · ∇)u,v) − (p, div v) − (q, div u).

Then, the standard variational formulation of (1) is given by{
Find (u, p) ∈ V such that:
L0((u, p), (v, q)) = F ((v, q)) ∀(v, q) ∈ V,

(2)

where F ((v, q)) = (f ,v).
The nonlinearity introduces the term ((u·∇)u,v) in (2). The related trilinear form b(u,v,w) =

((u∇)v,w) is defined and continuous on H1
0(Ω)3 for the case Ω in R2 [12]. To restrict the

variational formulation to a discrete space containing nonsolenoidal velocities, we introduce a
modification of L0, due to Temam [13], which corresponds to the addition of the stabilizing term
1
2 (div u)u.

Let the function L on V × V be defined by

L((u, p), (v, q)) = L0((u, p), (v, q)) +
1

2
((div u)u,v).
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FIG. 1. Triangle K divided into four subtriangles.

The modified variational formulation of (1) is given by{
Find (u, p) ∈ V such that
L((u, p), (v, q)) = F ((v, q)) ∀(v, q) ∈ V.

(3)

Note that b(u,v,v) + 1
2 ((div u)v,v) = 0 for all u,v ∈ (H1

0 (Ω))2. We introduce now the norm
of the trilinear form b(u,v,w) = ((u∇)v,w) + 1

2 ((div u)v,w) in (H1
0)

3:

‖b̂‖ = supu,v,w∈H1
0

b̂(u,v,w)

|u|1|v|1|w|1 .

Let {Tj} be a family of regular triangulations on Ω [14]. A new mesh T ∗
j defined as the partition

of each triangleK ∈ Tj into four equal triangles by joining the midpoints of the sides (see Fig. 1),
is associated to the mesh Tj . We choose the following finite element spaces (see [15]):

X1
j = {v ∈ C(Ω̄)2 : v|j ∈ P1 × P1 on each K ∈ T ∗

j and v|∂Ω = 0}

X2
j = {v ∈ C(Ω̄)2 : v|K ∈ P2 × P2 on each K ∈ Tj and v|∂Ω = 0}

Qj = {q ∈ C(Ω̄) : q|K ∈ P1,∀K ∈ Tj}

Mj = Qj ∩ L2
0(Ω)

V 1
j = X1

j ×Mj and V 2
j = X2

j ×Mj ,

where Pr denotes the space of polynomials of degree not greater than r.
The modified Hood–Taylor discretization of (1) is then given by{

Find (uj , pj) ∈ V 1
j such that

L((uj , pj), (vj , qj)) = (f,vj) ∀(vj , qj) ∈ V 1
j .

(4)

and the Hood–Taylor one by{
Find (uj , pj) ∈ V 2

j such that
L((uj , pj), (vj , qj)) = (f,vj) ∀(vj , qj) ∈ V 2

j .
(5)
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It is known that if ‖f‖∗ < µ2/‖b̂‖ the problems (3), (4), and (5) have a unique solution ([12],
[13], [15]). We, therefore, define

ej = u − uj , εj = p− pj .

Finally, we recall the interpolation operator defined by Clément [16] πj : L2(Ω) → Nj , which
satisfies

|u − πju|m,K ≤ Chq−m
K |u|1,SK

∀u ∈ H1(SK)

with m = 0, 1, where SK = U{K ′ : K ∩K ′ /= φ} and

Nj = {v ∈ C(Ω) : v|K ∈ P1 ∀K ∈ T ∗
j } or Nj = {v ∈ C(Ω) : v|K ∈ P2 ∀K ∈ Tj}.

III. ABSTRACT ERROR ESTIMATE

The well known inf-sup condition is used in the following form. There exists a constant α > 0
such that, for any p ∈ L2

0(Ω), an element w ∈ H1
0(Ω) can be found, which verifies

µ|w|1 = ‖p‖ and α‖p‖2
0 ≤ µ(p, div w).

The following theorem states that the norm of L((u, p), ·) provides an upper bound for the norm
of (u, p).

Theorem 3.1. Let (u, p) belong to V . If |u|1 ≤ R, there exists a constant MR > 0, which
depends on α and R such that the following inequality holds:(

|u|21 +
1

µ2
‖p‖2

0

)1/2

≤ MR

µ
sup

(v,q)∈V

L((u, p), (v, q))(
|v|21 + 1

µ2 ‖q‖2
0

)1/2

where

MR =


max


2, 1 +

2α2[
1 + ‖b̂‖R

µ

]4





1/2
min




1

2
,

α2

2
[
1 + ‖b̂‖R

µ

]2





−1

.

Proof. Let w ∈ H1
0 such that µ|w|1 = ‖p‖0 and α‖p‖2

0 ≤ µ(p, div w), and let δ =
α

(1+
‖b̂‖R

µ )2
, then

L((u, p), (u − δw,−p)) = L((u, p), (u,−p)) − δL((u, p), (w, 0))

= µ|u|21 − δ(µ(∇u,∇w) + b̂(u,u,w) − (p, div w))

≥ µ|u|21 − δ([µ+ ‖b̂‖|u|1]|u|1|w|1 − αµ−1‖p‖2
0)

≥ µ|u|21 − δ

[
1 +

‖b̂‖R
µ

]
|u|1‖p‖0 + δαµ−1‖p‖2

0. (6)

Also, we see that

|u|1‖p‖0 ≤ (µ+ ‖b̂‖R)

2α
|u|21 +

α

2(µ+ ‖b̂‖R)
‖p‖2

0
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and, combining with (6), we obtain that

L((u, p), (u − δw,−p)) ≥ µ

2
|u|21 +

α2

2µ
(
1 + ‖b̂‖R

µ

)2 ‖p‖2
0 ≥ C1µ

(
|u|21 +

1

µ2
‖p‖2

0

)
, (7)

where C1 = min{ 1
2 ,

α2

2(1+
‖b̂‖R

µ )2
}. On the other hand,

|(u − δw,−p)|2V = |u − δw|21 +
1

µ2
‖ − p‖2

0 ≤ 2|u|21 + 2δ2|w|21 +
1

µ2
‖p‖2

0

≤ 2|u|21 + (1 + 2δ2)
1

µ2
‖p‖2

0 ≤ max{2, 1 + 2δ2}|(u, p)|2V ,

which, combined with (7), gives

sup
(v,q)∈V

L(u, p); (v, q)

|(v, q)|V ≥ µC|(u, p)|V ,

where C = min{ 1
2 ,

α2

2(1+
‖b̂‖R

µ )2
}(max{2, 1 + 2α2

(1+
‖b̂‖R

µ )4
})−1/2 and the theorem follows with

MR = C−1.
Though Theorem 3.1 will be used for the purpose of error estimation, it is interesting to notice

that, under suitable assumptions, stability and uniqueness of the exact solution can be derived
from it. In fact, let ‖ · ‖∗ be the dual norm in (H1

0)
∗, that is, ‖f‖∗ = supw∈H1

0

(f ,w)
|w|1 . For

i = 1, 2 let (ui, pi) ∈ V such that L((ui, pi)(v, q)) = (fi,v) ∀(v, q) ∈ V . Then µ|ui|21 ≤
L((ui, pi), (ui,−pi)) = (fi,ui) ≤ ‖fi‖∗|ui|1, and thus |u1 − u2| ≤ R, where R = 2µ−1

max{‖f1‖∗, ‖f2‖∗}. Now, we assume that

s ≡ 2MR‖b̂‖max{‖f1‖∗, ‖f2‖∗}
µ2

< 1. (8)

Then,

|(u1 − u2, p1 − p2)|V ≤MRµ
−1 sup

(v,q)∈V

L((u1 − u2, p1 − p2), (v, q))

|(v, q)|V

≤ MRµ
−1 sup

(v,q)∈V

L((u1, p1), (v, q)) − L((u2, p2), (v, q))

− b̂(u1 − u2,u2,v) − b̂(u2,u1 − u2,v)

|(v, q)|V
≤MRµ

−1‖f1 − f2‖∗ + 2MRµ
−1‖b̂‖|u1 − u2|1|u2|1

≤MRµ
−1‖f1 − f2‖∗ + 2MR‖b̂‖max{‖f1‖∗, ‖f2‖∗}µ−2|(u1 − u2, p1 − p2)|V ,

and, using the hypotheses (8), we have

|(u1 − u2, p1 − p2)|V ≤ MR

µ(1 − s)
‖f1 − f2‖∗

and stability is proved. Uniqueness is immediate putting f1 = f2.
We are now in a position to prove that, under some smallness assumptions, for any pair

(v, q) ∈ V , the distance from (v, q) to the exact solution (u, p) of problem (3) is bounded (up to
a multiplicative constant) by the dual norm of the residual F (·) − L((v, q), ·).
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Theorem 3.2. We assume that µ−2‖b̂‖‖f‖∗ < min{1, 1
2M }, and (v, q) ∈ V with |v|1 ≤ ‖f‖∗

µ .
Then the following inequality holds:(

|u − v|21 +
1

µ2
‖p− q‖2

0

)1/2

≤ M

(1 − s)µ
sup

(v̄,q̄)∈V

F (v̄, q̄) − L((u − v, p− q), (v̄, q̄))(
|v̄|21 + 1

µ2 ‖q̄‖2
0

)1/2

where

M =

(
max

{
2, 1 +

2α2

81

})1/2(
min

{
1

2
,
α2

18

})−1

and s =
2M‖b̂‖‖f‖∗

µ2
.

Proof. We use the Theorem 3.1 withR = 2µ−1‖f‖∗ and, using the hypothesisµ−2‖b̂‖‖f‖∗ <
min{1, 1

2M }, we getM = (max{2, 1+ 2α2

81 })1/2(min{ 1
2 ,

α2

18 })−1 instead ofMR. Now, we have

L((u − v, p− q); (v̄, q̄))

= L((u, p); (v̄, q̄)) − L((v, q); (v̄, q̄)) − b̂(u − v,v, v̄) − b̂(v,u − v, v̄)

≤ F (v̄) − L((v, q); (v̄, q̄)) + 2‖b̂‖|u − v|1|v|1|v̄|1,
and then(
|u − v|21 +

1

µ2
‖p− q‖2

0

)1/2

≤ M

µ
sup

(v̄,q̄)∈V

F (v̄, q̄) − L((u − v, p− q), (v̄, q̄))(
|v̄|21 + 1

µ2 ‖q̄‖2
0

)1/2
+ s|u − v|1,

and the Theorem follows because s < 1.

IV. ERROR ESTIMATOR

In this section we introduce the error estimators and prove that they are global upper bounds (up
to a positive multiplicative constant) for the error.

To define the estimators we need to introduce some jumps associated with the discrete solution
(uj , pj) ∈ Vj . Given an interior edge `, we pick one of the two possible normals n` and denote
with Tin and Tout the two triangles sharing this edge with n` pointing outward Tin. When ` is a
boundary edge, n` is the outward normal. We define

[[µ∇uj · n`]]` = µ∇(uj |Tout
) · n` − µ∇(uj |Tin

) · n`.

Let EI be the set of interior edges of T ∗
j and, for an element T ∈ Tj , let ST be the set of

subtriangles of T and let ET be the set of edges of T .
Now set

J` =

{
[[µ∇uj · n`]]`, if ` ∈ EI

0, if ` ⊂ ∂Ω

and

R = f − (uj∇)uj − 1

2
(div uj)uj −∇pj .
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FIG. 2. Flow around a square obstacle; Re = 20: (a) initial mesh T0 ; NODP = 52, NODV = 175, NELP =
72; (b) mesh T3 ; NODP = 143, NODV = 529, NELP = 244; (c) mesh T6 ; NODP = 328, NODV = 1247,
NELP = 592.

With these notations we introduce the local error estimator ηT for the modified Hood–Taylor
discretization defined by

ηT =

{ ∑
K∈ST

η2
0,K

}1/2

,
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FIG. 3. Pressure contours: (a) mesh T0 ; (b) mesh T3 ; (c) mesh T6 .

where η0,K = {|T |‖R‖2
0,K + µ2‖ div uj‖0,K + 1

2

∑
`∈EK

|`|2|J`|2}1/2 and the global one

η =

(∑
T

η2
T

)1/2

.

Now, we establish the main result of this article.

Theorem 4.1. Under the assumption µ−2‖b̂‖‖f‖∗ < min{1, 1
2M }, the following global upper

bound holds: (
|ej |21 +

1

µ2
‖εj‖2

0

)1/2

≤ Cη.
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FIG. 4. Vertical velocity contours: (a) mesh T0 ; (b) mesh T3 ; (c) mesh T6 .

Proof. The following result will be used∑
`∈EI

|`|−1‖v − vI‖2
0,l ≤ C

∑
K∈T ∗

j

h−2
K ‖v − vI‖2

0,K

+ |v − vI |21,K ≤ C
∑

K∈T ∗
j

|v|21,K = C|v|21,Ω, (9)

where v = (v1, v2) ∈ H1
0(Ω) and vI = (πjv1, πjv2). Equation (9) can be derived from the

standard trace result

hK‖v‖2
0,∂K ≤ C(‖v‖2

0,K + h2
K |v|21,K).



570 ARNICA AND PADRA

Let us begin with

F (v̄, q̄) − L((u − uj , p− pj), (v̄, q̄))

= F (v̄ − v̄I , q̄) − L((u − uj , p− pj), (v̄ − v̄I , q̄))

=
∑

K∈T ∗
j

(f − (uj∇)uj − 1

2
(div uj)uj −∇pj , v̄ − v̄I)K

+ (µ∇ujn, v̄ − v̄I)∂K + (q̄; div uj)K

≤
∑

K∈T ∗
j

‖R‖0,K‖v̄ − v̄I‖0,K + ‖div uj‖0,K‖q̄‖0,K +
∑
`∈EI

‖J`‖0,`‖v̄ − v̄I‖0,`.

Now, using the Schwartz inequality and (9), we have

F (v̄, q̄) − L((u − uj , p− pj), (v̄, q̄)) ≤ C

∑

K∈T ∗
j

|T |‖R‖2
0,K + µ2‖ div uj‖2

0,K +
1

2

∑
`∈EK

|`|‖J`‖2
0,`


 |(v̄, q̄)|V ,

then, from theorem 3,1 we have

|(ej , εj)|V ≤ C
M

(1 − s)µ



∑
K∈Tj

η2
K




1/2

with s = 2µ−2M‖b̂‖‖f‖∗ < 1 and the theorem follows. We now turn to the Hood–Taylor
discretization, and define

η̃K =


|K|‖R̃‖2

0,K + µ2‖ div uj‖2
0,K +

1

2

∑
l⊂EK

|`|‖J`‖2
0,l




1/2

with

R̃ = f + µ∆uj − (uj∇)uj − 1

2
(div uj)uj −∇pj .

With exactly the same proof as above, we have the next theorem.

Theorem 4.2. Under the assumptionµ−2‖b̂‖‖f‖∗ < min{1, 1
2M }, t he following global upper

bound holds (
|ej |21 +

1

µ2
‖εj‖2

0

)1/2

≤ Cη̃,

where η̃ = {∑K∈Tj
η̃2
K}1/2.

Remark 4.1. Notice that the above arguments apply with only slight changes to any mixed for-
mulation with continuous approximations for velocity. When quadrilateral elements are consid-
ered, the well-known difficulty of maintaining mesh conformity arises in the adaptive procedure.
In addition, as already noted by Verfürth [8], if discontinuous pressure interpolants are used,
the jump term [[µ∇uj · n]]` must be changed to [[(µ∇uj − p1) · n]]` (see also [6], where the
possibility of penalizing the divergence free constraint is also treated).
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FIG. 5. Driven cavity; Re= 100: (a) initial mesh T0 ; NODP = 9, NODV = 25, NELP = 8; (b) mesh T4 ;
NODP = 62, NODV = 221, NELP = 98; (c) mesh T8 ; NODP = 118, NODV = 429, NELP = 194.

V. NUMERICAL EXAMPLES

We present three numerical examples showing that an efficient adaptive procedure can be found
using ηT as a local error indicator. We generate the meshes {Tj} in an adaptive way using ηT
as an error indicator at the element T . Starting with a conforming initial triangulation T0, Tj+1

is obtained from Tj refining the elements T ∈ Tj such that ηT ≥ TOL·ηmax, where ηmax =
max{ηT : T ∈ Tj} and 0 < TOL < 1. These elements are divided into four equal triangles
and the refinement is propagated using the local refinement algorithm proposed by Rivara [17],
which guarantees that for every j the minimum angle of Tj is not less than half the minimum
angle of T0. We used an already existing finite element program (NSNEWT), which works with
modified Hood–Taylor element [18].

FIG. 6. The pressure and velocity fields: (a) mesh T4 ; (b) mesh T8 ; (c) mesh T4 ; (d) mesh T8 .
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FIG. 7. The backward facing step; Re = 100: (a) initial mesh T0 ; NODP = 129, NODV = 449, NELP =
192; (b) mesh T4 ; NODP = 207, NODV = 749, NELP = 336; (c) mesh T7 ; NODP = 279, NODV = 1027,
NELP = 470; (d) mesh T11; NODP = 636, NODV = 2421, NELP = 1150.

The first example is the flow around a square obstacle with Re = 20 (where Re = µ−1) and
a tolerance TOL = 0.7 is used. Starting from the initial mesh in Fig. 2(a), the triangulations
of 2(b) and 2(c) were obtained after 3 and 6 refinement steps, respectively. It can be seen that
the last mesh is rather coarse in the regions where the flow is almost uniform, and fine close to
the obstacle. In Figs. 3 and 4 we show the pressure and vertical velocity contours for the three
meshes.

The second and third examples are standard test cases in computational fluid dynamics: (1)
the driven cavity with unit tangential velocity at the top of the unit square and (2) the backward
facing step with unit parabolic inflow and outflow and with channel width and channel length
upstream/downstream of the step of 1

2 and 2
5 , respectively. In the driven cavity problem, two

singularities arise at the top of the square from the change of the boundary condition, and in
the expansion problem a singularity arises at the reentrant corner. Figure 5 shows for the driven
cavity problem the initial triangulation and the triangulations after 4 and 8 refinement steps with
Reynolds number Re = 100 and TOL = 0.5. In Fig. 6 we show the pressure and velocity
fields. Figure 7 contains the meshes τ0, τ4, τ7, and τ11 for the backward facing step at Re =
100(TOL = 0.8). In Table I we show the global error (ERROR) for the expansion problem in steps
of refinement procedure. We denote by NODP, NODV, and NELP the number of pressure nodes,
velocity nodes, and pressure elements, respectively. The results in the table show in particular
that the automatic refinement procedure allows us to obtain the optimal order of convergence
with respect to the number of pressure nodes for this singular solution, that is, the same order as
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TABLE I.
NODP NODV NELP ERROR

129 449 192 0.1651162
139 488 211 0.1543936
169 608 271 0.1463951
204 738 331 0.1152387
207 749 336 0.1150442
225 820 371 0.1023011
253 924 419 9.6433416E-02
279 1027 470 9.1701932E-02
387 1455 682 7.8251027E-02
495 1880 891 6.7689218E-02
578 2195 1040 6.0826786E-02
636 2421 1150 5.6581371E-02

in problems with regular solution. Indeed, the error for the modified Hood–Taylor element in
regular problems is O((NODP)−1/2), which also holds in this case, as can be seen in Fig. 8.
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FIG. 8. Pressure nodes vs. error estimator (log/log).
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